PSL(n|n) Lie superalgebra (co)homology
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1 Lie superalgebra relations

1.1 Quadratic twistor free field representation

For psl(n|n) non-affine singleton have bosonic and fermionic oscillators for a, 8,4,5 =1,...n

[aa,ag}zég
i1 i
{c,cj}—(Sj

Introduce block-diagonal bosonic generators

Lg = agao‘ - %(;Log‘a];(ﬂ
Rj- = c}ci — %5;-0;20’“

C = ala®+clc!

B =n+ala® fc;rci

C commutes with everything, B has non-trivial commutators with the fermionic generators.
The off-diagonal fermionic generators are

Take the Cartans to be
(L},...L'"1 R},...R""])

n—1°

Sometimes we will group everything together into a matrix My with a,b =1,...2n with

) Ls Q¢
Me = MYt = B J
b 8,3 ( Qzﬁ R; >



The non-trivial commutation relations are

[L§, L] =65 L} — 63L§
[R%, Rf] = 6{ R} — 67 R}

L, Q5] = 05Q5 — 705Q"

[L§, Q71 = —03Q5 + +5Q]
(R}, Qt] = —05Q% + +55Q%

(R, Q7] = 6,Q5 — £0;Q%
{QL,Q)} =015 + 65R: + LoishC
[B,Qu] = 2Q;,

[B. Q7] = —2QF

2 BRST operator
We have ghost pairs (Cy, B) with commutator
[By, Cdl = 0405

Sometimes we will use (v, 8) for the bosonic ghosts.
The BRST operator is then

Q =CELG — CILY + C} R — C3nR: + 72 Q0 + kv, Q¢

o
— CICiBY + C}"Ch, 2L B
— Cgyl B + 2] By

+ kCELB! — £CoysB]
+Ci B — Ci; B

— kCivBY + 5 Civa ]

— kY8 BE + k3 e ) BS

— k909 BY + kAeyn o L B

— CHCeB) + ClC YT Be

Ignore Einstein summation terms that include C? and C37".

The sums from 1 to n — 1 come from commutations that give LI or R} that we want to replace.

k should be -1 to get a proper metric, but it’s easier just to set it to be 1.

3 BRST cohomology for trivial representation
In this case we have states
CcAr ... 4 0)

The BRST operator we need is o
Q=f4":CACPBg

and it acts

QCAI B ~CA” |0> _ féBCACB[BO,CAl S C’Ap] |()>

(10)

(11)



ghostnumber‘O‘l‘Q‘?)‘ ‘
total ‘1‘0‘3‘1‘ ‘

Table 1: Number of states in cohomology for trivial representation of psi(2]2).

4]5|6] 2n |2n+1
503 (7] 2n+1]2n-1

ghostnumber‘0‘1‘2‘3‘4‘5
total [1jof[1]3]1]4

Table 2: Number of states in cohomology for trivial representation of psi(3|3).

ghost number | 0| 12|34
total [1jof[1]1]3

Table 3: Number of states in cohomology for trivial representation of psi(4]4).

4 Singleton representation for n even

n must be even for the singleton representation.
Vacuum |1) defined by
al |1y =cl 1) =0 for ai=1,...%
a®l)=c"|1)=0 fora,i=2+1,...n

(12)

The vacuum [1) is killed by the central element C from (2), C'[1) = 0. With the slightly awkward

definition of B in (2)) we also have B|1) = 0.
It is annihilated by three-quarters of the fermionic generators:

L1)=0 fori=2+41,..nanda=1,...
Q?|1>=0 fora=35+1,...nandi=1,...

[MERNTH]

These include all of the lowering operators and half of the raising operators, making it half-BPS.
Acting with the remaining generators

Qfx fori=1,...3 anda=%5+1,...n

QY fora=1,...5andi=%5+1,...n

(14)

gives us the psl(n|n) singleton representation, which coincides with all the oscillator states we can build on

this vacuum with C' = 0.
The Cartans on the vacuum are

1 T r5+1 -1 pl 5 5+1 -1
(Ly,. L3, LEL, . LyZi Ry, REREL,,..RE D)) = (=5, = 5,5 505055
The commutators of the Cartans with the oscillators are [Lg, al] = (55(1}3 - Laf
[Lg,al;] = 5§a}3 — %a:;
[Lgﬂo‘] = —05a” + ta®
[R;,c;r] = 5?0} %cj
[R‘;,ci] = 6507 + 1

(16)

To build the states of the singleton, construct states with numbers of the oscillators n% € {0,...} for

aec{l,...n} and nf € {0,1} for i € {1,...n}

[T@)™ II (@b H(&)”?H ()™ 1)

(17)



and then impose the C' = 0 constraint.
Given the 2n — 2 Cartans and the C' and B of such a state, the number of oscillators is then

nt=-1-1lp-Lo-L¢ forae{1,...5}

n% =-1+ 5B+ 5+C+ L% fora e {§+1,...n—1}

W= b+ B+ 40— T LS

nf:%—i—iB—iC—Ré forie {1,... 5}

nf{=3—-3B+5C+R; forie{§+1,...n—1}
ng=4- LB+ EC-YI" R (18)

Given that there are only so many @Q’s and Q’s we can use to build up the states from and the
commutation relations @, we find that for the singleton states |B| € {0,2,4,...n}. Note that with these
conventions for psi(4]|4), |B| = 4 corresponds to the field strength, |B| = 2 corresponds to the fermions and
B = 0 corresponds to the scalars.

N =4 fields oscillator states Cartans B
Fazae aly yals 1) [~1,-1,p,0,0,0] 4
)\23’4) {a1374)c(1’2) 1) ,a23,4)010202374) 1)} 2
Z ‘1> [_%7_%7%7%7%7_%] O
{X,v, X1, vt} | Ol ) i, -L il L+l |0
ZT COClcgci|1> [_%7_%a%7_%a_%7%] 0
“(1.2 .
)\Z(- ) {a(1’2)c1374) 1) ’a(1,2)0(1,2)0§62‘1 [1)} -2
FO202 | atDa02cc] 1) [-p,—2+p,1,0,0,0] | -4
(1,2) 2) 1
3(374) al 2)a(374) ... 0

Table 4: Map to states. p € {0,1,2}.

Note that Fyo and F'2 have the same psl(4|4) Cartans and can only be distinguished by their B charge.

5 BRST cohomology for the singleton

Because of the large growth of states the results here are a bit limited.

ghost number ‘
total ‘

Table 5: Number of states in cohomology for singleton representation of psi(2]2).

ghost number [ 0 | 1 ]2 |3
total lojof2]o0

Table 6: Number of states in cohomology for singleton representation of psi(4[4).
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